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We consider a spin-1/2 Bose-Einstein condensate prepared initially in a single spin projection. The
two channels of excitations existing in such a system (namely density and spin waves) are discussed
and we show how pure spin waves can be excited in the presence of local magnetic defects. We
analyze the role played by spin excitations on the Landau superfluidity criterion and demonstrate
the absence of absolute superfluidity for the antiferromagnetic condensate. In the ferromagnetic
case, we identify two critical velocities for the breakdown of superfluidity.
PACS numbers: 47.37.+q,03.75.Mn,03.75.Kk
Introduction.— Superfluidity [1] is undoubtedly the
most famous and striking phenomenon linked with Bose-
Einstein condensation (BEC), since it corresponds to
regimes in which the condensate is stable against the
creation of excitations. According to the Landau cri-
terion, it occurs whenever the condensate propagates at
a velocity smaller than the speed of its excitations [2].
The latter are sound (density) waves, or bogolons [3],
characterized by a linear dispersion for long wavelengths
and a density-dependent celerity of sound. When the
internal spin degree of freedom of the particles is taken
into account, the situation becomes even more interest-
ing. Indeed, spinor BECs [4, 5], which are not restricted
to atomic systems but also include other systems such
as exciton-polaritons [6–8] and magnons [9, 10], have al-
ready brought remarkable discoveries, such as the forma-
tion of topological defects, exotic phases and spin tex-
tures [11, 12]. The physics of spinor BECs becomes even
richer in the presence of spin-orbit interactions [13–17].
In general, superfluidity criteria for spinor BECs are
less trivial, as the critical velocity is not uniquely de-
fined [4]. As a consequence, spin and density degrees of
freedom are mixed and the channel associated with pure
spin excitations [18–20], in analogy to magnetism [21],
is harder to identify whereas the task of isolating, pro-
tecting, and controlling pure spin excitations would be of
great interest for various applications. The study of such
systems leads to the understanding of spin superfluidity
as a phenomenon distinct from the usual Landau super-
fluidity: the onset of a spin-polarized (or magnetized)
flow absent of spin excitation. In fact, spinor BECs pos-
sess undeniable similarities with magnetic systems: de-
pending on the relative strength between the intra and
inter-component interactions (tunable e.g. via Feshbach
resonance [22] in the atomic case), the system can exhibit
either ferromagnetic [23], antiferromagnetic [24], param-
agnetic [25] or even diamagnetic features [26].
In this Letter, we discuss the spin-density separation in
magnetized spin-1/2 BECs and investigate its superfluid
features. As it is known, spin-density separation, equiv-
alent to spin-charge separation in Coulomb chains for
neutral systems [27]), can occur in BEC at arbitrary di-
mensions [28]. Here, we consider the separation in spinor
condensates where the magnetization is either found in
the ground state (ferromagnetic condensate) or brought
by an applied magnetic field (antiferromagnetic conden-
sate). By showing that the spin and density excitations
can decouple, we argue that a spin current, protected
against spin excitations, is possible for a wide range of
parameters. As a remarkable feature of the spin-density
separation, we show that the complete suppression of
spin excitations is possible even in the supersonic regime,
where sound waves can develop. We test the spin super-
fluidity criterion by simulating the formation and sup-
pression of spin waves in a condensate past a magnetic de-
fect and establish the corresponding magnetic drag force.
The spin-1/2 condensate.— We shall consider a spinor
BEC having two allowed spin projections on the z quan-
tization axis. At the mean field level, the homogeneous
system is governed by the energy functional
E =
∫
dr


∑
j=1,2
ψ∗j
(
−~2∆2m +
gjj
2 |ψj |2
)
ψj
+g12|ψ1|2|ψ2|2 −H · S

 , (1)
written for the spinor
Ψ (r, t) =
(
ψ1 (r, t)
ψ2 (r, t)
)
=
( √
n1 (r, t)e
iθ1(r,t)√
n2 (r, t)e
iθ2(r,t)
)
(2)
in the Madelung representation, where nj and θj respec-
tively represent the density and phase of the j = 1, 2 spin
projection. Here, H = (Hx, Hy, Hz)
T is a generic (effec-
tive) magnetic field. Its Hz component corresponds to
the action of a magnetic field inducing a Zeeman split-
ting while the transverse components Hx,y mixing the
spin states could be produced e.g. by a microwave field
for atoms [29] or a polarization splitting for polaritons
[30]. gjj and g12 are the strength of the intra- and inter-
spin interactions, respectively and in the following, we
shall consider g11 = g22 = g. The pseudospin vector S
allows the mapping of our problem to a magnetic system
[31] and its components are linked to the spinor Ψ via
2the identities
Sx =
1
2
(ψ1ψ
∗
2 + ψ
∗
1ψ2) =
√
n1n2 cos (∆θ)
Sy =
i
2
(ψ2ψ
∗
1 − ψ∗2ψ1) =
√
n1n2 sin (∆θ) (3)
Sz =
1
2
(n1 − n2) ,
where ∆θ = θ1− θ2 is the relative phase. The Sz projec-
tion can thus be seen as the magnetization of the system.
The free energy of the condensate reads
F =− µn+ (g + g12) n
2
4
−HxSx −HySy − (Hz −∆gSz)Sz, (4)
where n = n1 + n2, ∆g = g − g12 and µ is the
global chemical potential. We emphasize that only µ
is conserved in Eq.(4), differing from the case of a con-
densate mixture where the partial chemical potentials
µ1,2 = gn1,2 + g12n2,1 are simultaneously conserved.
Moreover, we should avoid the energetic instability re-
gion gjj < 0 and consider only the case where the homo-
geneous magnetized ground state is stable. The last term
contains an extra (interaction-induced) Zeeman splitting
HZe = −∆gSz that can be seen as the spin-spin interac-
tion. The homogeneous ground state is found from the
minimization of F solving ∂nF = 0, at fixed total density
n, with respect to the pseudospin components given the
normalization condition S2x + S
2
y + S
2
z = n
2/4. Let us fo-
cus on the case where Hx,y = 0 treated as perturbations
in the following.
In the case where ∆g > 0, the condensate is said to
be antiferromagnetic since its interaction energy is min-
imized by superimposing particles of opposite spin. The
ground state has consequently no magnetization, namely
Sz = 0. The transverse components are undetermined
according to S2x + S
2
y = n
2/4 and the chemical poten-
tial reads µ = (g + g12)n/2. Provided that ∆g 6= 0, a
metastable state is obtained if the condensate is prepared
initially with some non-zero magnetization (Sz 6= 0),
thanks to the intrinsic Zeeman splitting HZe that induces
an effective magnetic field locking the magnetization.
By contrast, the ferromagnetic condensate defined by
∆g < 0 has a naturally magnetized ground state given
by S = (0, 0,±n/2)T and the chemical potential µ = gn.
In the presence of an applied magnetic field H =
Hzez, the antiferromagnetic condensate demonstrates
some critical behavior due to the competition between
Hz and HZe. This effect is responsible for the so-called
spin Meissner effect [26]. Consequently only under the
condition Hz > HZe can the ground state become mag-
netized S = (0, 0, n/2)T and we assist to a transition
towards a ferromagnetic condensate with µ = gn−Hz .
Spin-Density separation and pure spin waves.— Let
us now describe the elementary excitations on top of the
magnetized condensate (S0x, S
0
y , S
0
z )
T = (0, 0,+n0/2)
T .
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FIG. 1. (Color online) Dispersion of the elementary exci-
tations of the magnetized condensate. The solid (dashed)
red line shows the E
(+)
1 (E
(−)
1 ) Bogoliubov branches of the
condensate and the solid blue line is the dispersion of the
uncondensed component E2 or the spin excitations channel.
The horizontal (vertical) arrows point the excitation of spatial
(temporal) spin waves. (a),(b) Antiferromagnetic and (c),(d)
ferromagnetic condensate (a),(c) v < cm and (b),(d) v > cm.
The minimization of the energy functional (1) leads to
the Gross-Pitaevskii equations:
i~
∂ψ1
∂t
=− ~
2
2m
∆ψ1 − µψ1 + g|ψ1|2ψ1
+ g12|ψ2|2ψ1 − Hz
2
ψ1, (5)
i~
∂ψ2
∂t
=− ~
2
2m
∆ψ2 − µψ2 + g|ψ2|2ψ2
+ g12|ψ1|2ψ2 + Hz
2
ψ2. (6)
We start from the Bogoliubov ansatz [3]
ψ1 =
√
n0 +A1e
+i(k·r−ωt) +B∗1e
−i(k·r−ω∗t)
ψ2 = A2e
i(k·r−ωt), (7)
that involves two counter-propagating plane waves in the
condensate characterized by the weak amplitudes A1 and
B1, the wavevector k and frequency ω. We obviously
seek for single plane waves of amplitude A2 in the empty
component. Injecting (7) into Eqs.(5,6), the chemical
potential µ = gn0 − Hz is recovered and we obtain the
following modes
E
(±)
1 (k) = ±
√
E0 (k) (E0 (k) + 2µ) (8)
E2 (k) = E0 (k) + (Hz −∆gn0), (9)
3where E0 (k) = ~
2k2/2m. The elementary excitations
on top of the condensed component are Bogolons or
sound waves following the dispersion E˜
(±)
1 = ±cs|k| at
low momentum, where cs =
√
µ/m is the speed of
sound. Eqs.(8,9) are a signature of the separation be-
tween density and spin excitations. As a result of the
spin-density separation, the static condensate is stable
against the creation of these excitations, that have a pos-
itive (|A1|2 − |B1|2)E(+)1 contribution to the energy, and
is therefore superfluid in the Landau picture. The coef-
ficients A1 and B1 can be explicitly found provided the
normalization condition |A1|2 + |B1|2 + |A2|2 = 1, thus
yielding
(
A
(±)
1 , B
(±)
1
)
=
1√
µ2 +∆E2
(µ,∓∆E), (10)
where ∆E = E0(k) + µ − E(+)1 . The parabola of the
second spin component defined by Eq.(9) is shifted by a
quantity ∆12 = Hz −∆gn0 due both to the presence of
the condensate and the Zeeman splitting. In Fig.1(a,c)
we depict illustrate the features of the dispersions (8,9).
Interestingly, the excitation of a plane wave δψ2(x, t) =
A2 exp(ik · r − ωt), e.g. due to fluctuations or to the
presence of a transverse field, will drive the pseudospin
dynamics according to
Sx =
A2
2
cos (ksw · r− ωswt) ,
Sy =
A2
2
sin (ksw · r− ωswt) , and (11)
Sz =
n20 − |A2|2
2
,
namely to a spatio-temporal modulation of the relative
phase ∆θ or the Larmor precession of S about the z-
axis [see red arrow in Fig.1(a)]. The magnetization is
reduced by |A2|2 /2 but does not fluctuate. Due to the
spin-density separation, pure spin waves can develop, in
analogy to what happens in magnetic systems [21].
For both anti- and ferromagnetic condensates, pure
temporal spin waves can always be excited by a trans-
verse field that is local in time. They correspond to verti-
cal transitions between the condensate and the parabola
that become enhanced as the coupling is increased or
the separation ∆12, defining the wave frequency ~ωsw,
is reduced [see vertical arrows in Fig.1]. However, as
one can see from Fig.1(a,c), the formation of spatial spin
waves, requiring a perturbation that is local in space,
is strongly dependent on the antiferromagnetic or ferro-
magnetic character of the condensate. Indeed, in the for-
mer case (∆12 < 0), the parabola is redshifted [Fig.1(a)]
and therefore the horizontal transitions at the energy of
the condensate are allowed, thus exciting a spin wave of
wavevector ksw = ±
√
2m∆12/~ (horizontal arrows). In
the latter case, the parabola is blueshifted [Fig.1(c)] and
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FIG. 2. (Color online) (a) Phase diagram of the propagating
condensate. SF: Supersonic Flow, SW: Spin Waves formation,
SS: Spin Superfluid and DS: Density Superfluid. The dashed,
solid and dotted blue lines mark the frontier v = cm in the
cases Hz = {−0.8, 0, 1.2}mc2s respectively. The horizontal
dashed line stands for v = cs. (b) Drag forces experienced
by the condensate. The blue, dashed blue and dashed-dotted
purple lines depict the magnetic drag forces (right scale) Fm
for Hz = {0, 1.4, 0.5}mc2s and α2 = {1.2, 0, 1.2} respectively.
The solid black line show the mechanical drag force Fm (left
scale) for comparison. ξ = ~/
√
mµ is the healing length.
there is no available state for the horizontal transitions
namely spatial spin waves are fully suppressed.
Let us now consider that the condensate propagates at
speed v. In that case, the dispersion branches (8,9) ex-
perience the Doppler shift ED(k) = ~v · k [Figs.1(b,d)].
According to the Landau criterion, superfluidity breaks
down in the supersonic regime |v| > cs where sound
waves are excited.
The vertical splitting ∆12 is independent of the con-
densate propagation speed, which simply means that
there is no velocity dependence on the frequency or the
amplitude of temporal spin waves. Nonetheless, the am-
plitude of the spatial spin waves is enhanced as the
relative momentum is reduced according to ~ksw/m =
±
√
2∆12/m+ v−v, for an antiferromagnetic condensate
[see Fig.1(b)]. The situation is even more interesting for
the ferromagnetic case, since spin waves can develop only
above the critical speed
cm =
√
2 (Hz −∆gn0)
m
=
√
µm
m
(12)
The natural extension of Landau’s criterion therefore pre-
dicts absolute superfluidity (in both density and spin sec-
tors) if the conditions v < cs (density superfluidity) and
v < cm (spin superfluidity) are simultaneously fulfilled.
Noteworthy is that in the general case cs 6= cm, allow-
ing two hybrid superfluid behaviors in which one single
type of excitation occurs namely if cs < v < cm (density
waves) or cm < v < cs (spin waves). These features are
summarized in the phase diagram depicted in Fig.2(a).
We can easily identify four distinct region [see captions],
depending on which kind of excitations are allowed to
develop given v and the ration g12/g.
4Spin wave generation.— The most current experiment
to highlight superfluidity involves a condensate propa-
gating against a potential barrier. As it is known, in the
supersonic regime v > cs, backscattered density waves
appear upstream from the defect. In the subsonic regime,
however, no acoustic radiation takes place. It is there-
fore natural to ask what happens to the spinor BEC flow
past a ”magnetic defect”, which we consider to be a weak,
local transverse field H||(r) = Hx(r)ex. The latter en-
ters the dynamics via the coupling terms −Hx(r)ψ∓/2 in
Eqs.(5,6), respectively.
We have performed numerical simulations consider-
ing a two-dimensional homogeneous, magnetized conden-
sate propagating with the velocity v = vxux, by set-
ting the initial condition Ψ0 (r) = (
√
n0e
ikx, 0)T , with
kx = m/~vx. In order to distinguish between density-
and spin superfluid situations, we have plugged both a
potential barrier and a magnetic defect, spatially sepa-
rated from each other, to respectively excite density and
spin waves in the flow. The results are summarized in
Fig.3, where the four regions of the phase diagram of
Fig.2(a) are illustrated. We enclosed snapshots of the
linear combination |ψ1 + ψ2|2, which allows to visualize
density and spin waves simultaneously. In each panel,
the insets show the corresponding dispersion of elemen-
tary excitations. Panel (a) corresponds to a supersonic
flow configuration in which spin waves can develop as
well (v > cs, cm). Interestingly, while the density waves
form upstream from the barrier, the spin waves are found
downstream due to their positive group velocity [32] as
deduced Fig.1(b),(d) and from the insets of Fig.3. The
panel (b) shows the exclusive spin superfluid regime in
a supersonic flow, where only density excitations occur
(cs < v < cm) and panel (c) illustrates the exclusive
Landau superfluidity, for which only spin waves can be
excited (cm < v < cs). Finally, panel (d) demonstrates
the absolute superfluidity of the spinor condensate, in
which no excitations are generated (v < cs, cm).
Finally, to further understand the differences between
density and spin superfluidity, we address the question
of dissipation in the spin flow. In the presence of a
magnetic defect, the drag force is defined as Fm =
− ∫ (ψ∗1∇Hxψ2+c.c)dr. For simplicity, we consider a lo-
calized defect of the type Hx = Umδ(r), such that Fm =
Ud
∫
(ψ1∇ψ2|r=0 + c.c)dr. Expanding the wave func-
tions according to (7), and using the Hopfield amplitudes
(10) modified by the Doppler shift ED(k), we obtain,
in first order in A1,2 and B1, Fm = Umn0
∫
ikSf (k,k ·
v)dk/(2pi)2, where
Sf (k, ω) =
1
2m
k2
(ω + i0)2 − ω2−
(13)
represents the dynamic structure factor associated with
the spin excitations. The infinitesimal positive imaginary
part +i0 is added to the frequency ω to be consistent
with the Landau causality prescription. Computing the
FIG. 3. (Color online) The four phases of the ferromagnetic
condensate passing a barrier (upper) and a magnetic defect
(lower) within the same flow. The colormap shows |ψ1 +ψ2|2
and the insets display the dispersions. The visual order of the
phases is preserved with respect to Fig.1(b) for clarity.
integral of (13) in the complex plane by means of the
relation 1/z+i0 = P (1/z)+ipiδ(z), and noticing that the
integral over ϕ (ϕ is the angle between k and v) vanishes
for the principal part P as a consequence of symmetric
integration limits, we obtain the explicit expression
Fm =
Umn0m
2
12pi~3v2
(
v +
√
v2 − c2m
)3
uv. (14)
We observe that the force is zero for v < cm and mono-
tonically increases with v if v > cm [see Fig.2(b)]. For
overcritical flows, v ≫ cm, the force reduces to the
classical result Fm ∝ v. Notice that Eq. (14) is for-
mally similar, but physically different, to the drag force
Fd = U
2
dn0m
2(v2 − c2s)/(~3v)uv acting on the superfluid
density in the presence of a localized barrier Vd = Udδ(r)
[34], where the role of critical velocity cm is played by cs.
Conclusions.— We have shown that magnetized
spinor-1/2 condensates can independently exhibit density
and spin superfluidity as a consequence of the separation
between density and spin excitation channels. The differ-
ent regimes depend on the type of the spin-spin interac-
tion parameter, the applied magnetic field, and the speed
of the flow. A feature identified as absolute superfluid-
ity requires the complete and simultaneous suppression
of density and spin excitations, a feature that can be ob-
served in a quite large range of parameters. Remarkably,
the spin-density separation allow the onset of spin su-
perfluidity even in the supersonic regime. The superfluid
properties of a magnetized spinor BEC are summarized
5in a dynamical phase diagram. A good candidate for the
experimental observation of our predictions would be a
circularly polarized exciton-polariton condensate either
in ferromagnetic regime [33] or under an applied mag-
netic field to compensate the antiferromagnetism [26, 35].
Exciton-polaritons constitute, to the best of our knowl-
edge, the most flexible system for experiments with flow-
ing spinor condensates [36]. The observation of superfluid
spin currents would represent an important milestone in
the fields of spintronics and spin-optronics.
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